NORMALITY IN GROUP RINGS 
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Dedicated to Professor P.M. Gudivok on his 70th birthday 

Abstract. Let KG be the group ring of a group G over a commutative ring K with 
unity. The rings KG are described for which xx a = x a x for all x = X^ s eG a g9 ^ KG, 
where x t— > x a = X^ggG a gfi.9) a i.d) 18 an involution of KG; here / : G — > U(K) 
is a homomorphism and a is an anti-automorphism of order two of G. 



Let R be a ring with unity. We denote by U(R) the group of units of R. A 
(bijective) map o : R — > i? is called an involution if for all a, 6 G R we have 
(a + 6)° = a° + 6°, (a&)° = 6° • a° and a° 2 = a. Let KG be the group ring of 
a group G over the commutative ring K with unity, let a be an antiautomorphism 
of order two of G, and let / : G — > U(K) be a homomorphism from G onto U(K). 
For an element ir = J2 g eG a 99 e -^C^ we define a;* 7 = J2geG a gf(9) a (9) e -KTG. 
Clearly, x i— > x°" is an involution of KG if and only if gcr(g) G Kerf = {h G G | 
/(/i) = 1} for all g E G. 

The ring KG is said to be a -normal if 



xx a = X° X (1) 

for each x E KG. The properties of the classical involution ihi* (where * : g i— > 
g -1 for g EG) and the properties of normal group rings (i.e., ix* = x*x for each 
x G KG) have been used actively for investigation of the group of units U (KG) of 
the group ring KG (see [1, 2]). Moreover, they also have important applications in 
topology (see [7, 8]). Our aim is to describe the structure of the cr-normal group 
ring KG for an arbitrary order 2 antiautomorphism a of the group G. Note that 
the descriptions of the classical normal group rings and the twisted group rings 
were obtained in [1, 3] and [4, 5] respectively. 

The notation used throughout the paper is essentially standard. C n denotes 
the cyclic group of order n; C(^) an d Cg(H) are the center of the group G and 
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the centralizer of H in G, respectively; (g,h) = g~ 1 h~ 1 gh = g~ 1 g h (g,h G G); 
7i(G) is the ith term of the lower central series of G, i.e., 71(G) = G and 
7i+i(G) = (73(G), G) for i > 1; $(G) denotes the Frattini subgroup of G. We 
say that G = A Y £? is a central product of its subgroups A and £? if A and £? 
commute elementwise and, taken together, they generate G, provided that An B 
is a subgroup of C(^)- 

A non-Abelian 2-generated nilpotent group G = (a, 6) with an anti-automorphism a 
of order 2 is called a a-group if G' has order 2, a(a) = a(a, 6) and a(b) = 6(a, 6). 

Our main result reads as follows. 

Theorem. Let KG be the noncommutative group ring of a group G over a com- 
mutative ring K and f : G — > U(K) a homomorphism. Assume that a is an 
antiautomorphism of order two of G such that x 1— > x a is an involution of KG. 
Put 9K(G) = {g G G I <r(<7) = g}. The group ring KG is a -normal if and only if 
f : G — > {±1}, G, iiT anc? a satisfy one of the following conditions: 
(i) G has an Abelian subgroup H of index 2 such that G = (H,b), f(b) = —1, 

f(h) = l, o-{b) = b, and a(h) = b~ l hb = bhb' 1 for all heH; 
(ii) G = H Y £ is a central product of a a -group H = (a, b) and an abelian group € 

such that G' = (c \ c 2 = 1) and H C Ker(f). Moreover, either a(d) = d for all 

de£, £(ZKer(f), 9t(<3) = £(G), and 

G/VK{G) = (aC(G), b((G)) = C 2 x C 2 

or 91(G) is of index 2 in C(G) and 

G/V\(G) = (#(G), MH(G), d<H(G)) = G 2 x G 2 x G 2 , 

where d & £, a(d) = dc and f(d) = —1; 
(Hi) char(K) = 2, G = S Y <£ is a central product of S = Y™ =l Hi and an Abelian 
group £ such that Hi = (a^, bi) is a a -group and G = Ker(f). Moreover, G' = 
(c \ c 2 = 1), n > 2, where n is not necessarily a finite number, cx(oi) = a^c, 
a (bi) = biC for alii = 1,2,... and exp(G/9X(G)) = 2. 
Furthermore, if n is finite, then either a(d) = d for all d G £ and 

G/*X(G) = x- =1 (a,C(G), biC(G)) = xf^G 2 , 

or 91(G) is of index 2 in ((G) and 

G/m(G) = x7 =1 (a^(G), h9\(G)) x (d9\(G)) = x 2 ^+ 1 C 2 , 

where d G £ and a(d) = dc. 

Note that, in parts (i) and (ii) of the theorem, the group £ may be equal to 1. 

To make the statements less cumbersome, in what follows we will often speak of 
(T-normal group rings KG without specifying the homomorphism / : G — > U(K) 
and the anti-automorphism a of order two of G. In order to prove the main theorem, 
we need some preliminary lemmas. 
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Lemma 1. Let U(R) be the group of units of the ring R, and let x i— > x° be an 
involution of R. Suppose that for all x G R. If a & U(R), then a° = ta, 

at = ta, and t° = t~ x , where t G U(R). 

Proof. Clearly a° = at for some t G U (R) , and a°a = aa° implies that ata = a 2 t 
and at = ta. Now a = a° 2 = (at)* = t°at = t°ta, whence £° = t' 1 . □ 

Lemma 2. Let K be a commutative ring, let H = (a, b) be a non-Abelian 2- 
generated subgroup of a group G, and let f : G — > U (K) be a homomorphism. If the 
group ring KG is a -normal, then f : H — > {±1} and one of the following conditions 
is fulfilled: 



(i) f(a) = 


h f(b) = 


-1, 


cr(o) = (a,b)a, o~(b) = b, 


(6 2 ,a) = 1, 


(a6) 2 


ibaf, 


((a, 6), a) = 


1, and 


((a,6),6) = (a,6)- 2 ; 






(ii) /(a) = 
(6a) 2 , 


-1, /(&) 


= 1, 


cr(a) = a, a(6) = (a, 6)6, 


(6, a 2 ) = 1, 


(a6) 2 


((a, 6), 6) = 


1, and 


((a, 6), a) = (a, 6)" 2 ; 






(Hi) f(a) = 


/(&) = "I. 


, a(a 


1 = a, (7(6) = 6, (a 2 , 6) = 


(a,6 2 ) = 1, 


(a6) 2 



(ba) 2 ,and ((a, 6), ab) = 1; 



(iv) f(a) = f{b) = 1, cr(a) = (a, 6)a, <r(6) = (a, 6)6, and (a, 6) nilpotent of 
class 2 and such that 72 ((a, 6)) 0/ order 2. 

Proof. Let KG be a cr-normal ring. For any noncommutative a, 6 G G we can put 
u(a) = at and o~(b) = 6s, where s,t G G. By Lemma 1, at = ta, 6s = s6, cr(t) = t _1 , 
and a(s) = s -1 . Set x = a + 6 G KG. Clearly, x CT = f(a)a(a) + f(b)a(b), and by 
(1) we have 

f(b)aa(b) + f(a)ba(a) = f(a)a(a)b + f(b)a(b)a. (2) 

If aa(b) = bo~(a) = o~(a)b = o~(b)a, then we get s = t and a6 = 6a, a contra- 
diction. Observe that if three of the elements {acr(6), 6a(a), cr(a)&, cr(6)a} coincide, 
then s = t and a6 = 6a, a contradiction. We consider the following cases: 

1. aa(b) = bcr(a). By (2) it follows that 

/(a) + /(6) = 0, acr(b) = ba(a), a(a)b = a(b)a. (3) 

2. aa(6) = a(a)b. This yields as6 = at6, so that s = t G ((H), and (2) ensures 

f(a) = f(b), a(a)=at, a(b) = bt, t G ((H). (A) 

3. aa(6) = a(b)a. Since ba(b) = o~(b)b we get o~(b) G ((H), a contradiction. 
Now put x = a(l + 6). Then x a = (1 + f(b)a(b))f (a)a(a) and, by (1), 

f(ab)aa(ab) + f(a)aba(a) = f(a)o~(a)ab+ f(ab)o~(ab)a. (5) 

We shall treat the following cases separately: 
1. aa(ab) = abo~(a). Formula (5) implies that 

/(6) = -l, ct(6) = 6, (a(a)a) - b = b- (a(a)a). (6) 
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2. aa(ab) = a(a)ab and aba(a) = a(ab)a. By (1) we have ab = a(b)a and a(b) = 
aba -1 . Since aa(ab) = a(a)ab, we get aba~ l at = atb and (6, t) = 1. Recall that 
a(b) =bs = sb. So, by (5), 

/(6) = 1, a(b)=aba~\ t e ((H), s = (a~\ 6" 1 ) = (6, a" 1 ). (7) 

3. acr(6)cr(a) = a(6)a(a)a. Then acr(6) = a(b)a and cr(6) G ((H), a contradiction. 
Assume that (3) and (6) are true. Then f(b) = — 1, f(a) = 1, a(b) = 

6, a(a) = 6 _1 a6 = 6a6 _1 , whence (6 2 ,a) = 1. Since a(a) = a(a~ 1 b~ 1 ab) = 
(bab~ 1 a~ 1 )a, we get a~ 1 b~ 1 ab = bab~ 1 a~ 1 and (ab) 2 = (ba) 2 . Obviously, 

b~ 1 (a, b)b = b-^bab^a-^b = ab^a^b = aba^b' 1 = (a, ft)" 1 , 

so that ((a, 6), 6) = (a, 6)~ 2 , and statement (i) of our Lemma follows. 

If (3) and (7) are fulfilled, then f(b) = 1, f(a) = -1, a(a) = a, a(b) = a~ l ba, 
and (a 2 , b) = 1. Since a(6) = b(b~ 1 a~ 1 ba) = (aba~ 1 b~ 1 )b, we obtain s = 
b~ 1 a~ 1 ba = aba~ 1 b~ 1 and (ab) 2 = (ba) 2 . Therefore, a(a) = a, a(b) = a _1 6a, 
(a 2 , 6) = 1, and we arrive at statement (ii). 

Assume (4) and (6). Then /(a) = f(b) = — 1, a (a) = a, cr(6) = 6, and 
(a 2 , 6) = 1. Moreover /(a6) = 1 and a(ab) = ba = a~ 1 (ab)a. We put x = 
6(1 + a). Clearly, x a = (a — 1)6, and (1) implies b 2 a + b 2 a 2 = ab 2 a + ab 2 , 
whence (6 2 , a) = 1. Thus, statement (iii) of our lemma is fulfilled. 

Finally, if (4) and (7) are true, then f(a) = f(b) = 1 and (6, a -1 ) G ((H). Using 
the identity (a(3, 7) = (a, 7) (a, 7, 0)(j3, 7), where 7 G G, we see that 1 = 
(a _1 a, 6) = (a -1 , b) (a, 6), whence s = (6, a -1 ) = (a, 6) G C(H) and a(a) = (a, 6)a, 
a(6) = (a, 6)6. Since a = a 2 (a) and (a, 6) G ((H), we have that (a, 6) 2 = 1, which 
yields statement (iv). The proof is complete. □ 

Lemma 3. Let KG be a a -normal group ring of a non-Abelian group G. Then 
H = (w G G I a(w) 7^ w) is a normal subgroup in G. If H is Abelian, then G 
satisfies statement (i) of the Theorem. 

Proof. Set W = {w G G | a(w) ^ w}. Let g G" W be such that g 2 G" ((G). Then 
(g 2 , h) 7^ 1 and (g, h) 7^ 1, respectively, for some h G G. 
We consider the following cases. 

1. char (K) 7^ 2. Since cr(g 2 ) = g 2 , we can use Lemma 2 for the group (g 2 ,h) to 
show that —1 = f(g 2 ) = (±1) 2 = 1, a contradiction. 

2. char (iiT) = 2. Using Lemma 2 for {g, h), we get (g 2 , h) = 1, again a contradiction. 
Thus, # 2 G ((G) for any 51 G" W. Now, if u; G VF, g G G \ If and g -1 ^ G" 

then a(g~ x wg) = g _1 wg and 

g" 1 ^ = a (g~ 1 wg) = ga(w)g~ 2 g = g~ x a(w)g 
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so that a(w) = w, a contradiction. Therefore, g~ 1 wg G W and the subgroup 
H = (W) is normal in G. 

Suppose that H = (W) is Abelian. If a G W and c G C G (W) \ H, then ca G" if. 
Therefore, ca = a(ca) = a(a)c, whence o~(a) = a, a contradiction. This shows 
that Cc(W) = H and for each 6 G" H there exists w G such that (6, «;) 7^ 1. 

We claim that if 61,62 G G\H, then 6162 G if. The following cases will be 
treated separately: 

1. char(K) 7^ 2 and 6162 G G \ H. For each 6^ we choose Wi <E W such that 
(bijWi) 7^ 1. By (i) or (ii) of Lemma 2, in (tUj,6j) we have /(6i) = —1, so that 
/(6162) = 1 and there exists iu G W, for which (6162, w) 7^ 1. Since 17(6162) = 6162, 
by (i) or (ii) of Lemma 2 we get /(6162) = —1, a contradiction. 

2. char(K) = 2 and 6162 E G \ H. Obviously, 6162 = o~(6i62) = 6261, whence 
(61,62) = 1. Now, there is w G W with (u;, 61) 7^ 1, and by Lemma 2 we get 
a(w) = b^ 1 wbi = biwb^ 1 . Furthermore, 6162W G G \ if and 



implying (62, w) = 1. Now (61,62^) = (61, w) 7^ 1 and 62W G G\H; applying 
Lemma 2 in (61, 62^), we obtain 62W = afaw) = a(w)b2 and a{w) = w, a contra- 
diction. 

We have proved that 6162 G if for every 61, 62 G G\ H. Therefore, G = (if, 6 | 
6 G" ff, 6 2 G if), /(&) = -1, and /(/i) = 1 for all heH. 

Finally, let w G W be such that (6, w) = 1. Since 6 G" if = Cg(VF), there exists 
iui G with tui 7^ b~ 1 wib = a(wi). Clearly, we have (wwi, 6) 7^ 1; using Lemma 
2 for we obtain 



whene <j(ty) = a contradiction. Thus, 6 1 /i6 = a(/i) for all heH. □ 

Lemma 4. Let KG be a a-normal group ring, let W = {w G G \ a(w) 7^ w}, 
and let a, 6 G W be such that (a, 6) 7^ 1. Pnt !R = {5 G G a(g) = g} and 
£ = Cc((a,6)). Then (a, 6) is a a-group, $((a,6)) = £((a, &)) = {g G (a, 6) | 
0(9) = 9}, and 



Moreover, G = (a, 6) Y<£, and either a(c) = (a, 6)c or o~(c) = c where cGt 74ko, 
£/ie following is true: 

(i) if £ is abelian, then G satisfies statement (ii) of the Theorem; 
(ii) if £ is not Abelian, then char(K) = 2. 



6162W = (1(6162^) = a(w)bib2 = 61^62, 



o~(w)o~(wi) = a{w\w) = 6 w\wb = a{wi)w, 




9 if 
g(a, 6) if 



9 e C((a, 6)); 
0*C(M»- 
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Proof. Let a, 6 G W satisfy (a, b) 7^ 1. By Lemma 2, f(a) = f(b) = 1, (a, b) 
is nilpotent of class 2 and such that |72((«, b))\ = 2, and a(a) = b~ l ab and 
a(o) = a~ 1 ba. Thus (a, 6) is a a-group. Any element o G (a, 6) can be written as 
g = a l V(a,b) k , where k G N. Since a(g) = o, we conclude that i and j are 
even. Now by [6, Theorem 10.4.1 and Theorem 10.4.3] we obtain 

<S>((a,b})=(((a,b}) = {ge(a,b}\a(g) = g}. 

Suppose c G W and (a, c) 7^ 1. Again by Lemma 2, (a, c) is nilpotent of class 2 and 
cr(a) = c~ 1 ac = 6 _1 a6, so that (a, 6) = (a,c). Now, let c, d G W be such that 
(c, d) 7^ 1 and (c, d) G <£. Obviously, (ac, b) = (a, 6) 7^ 1 and (ac, <i) = (c, <i) 7^ 
1. By Lemma 2, cr(ac) = 6 _1 (ac)6 = d~ 1 (ac)d and (a, 6) = (c, <i), which shows 
that _£T has order two and is central in G. 

Let g G G \ € • (a,b). If (a, g) 7^ 1, then using Lemma 2 for (a,g), we get 
cr(a) = g~ x ag = b~ 1 ab and (a, (7) = (a, 6). Similarly, if (6, g) 7^ 1, then (6, g) = (a, 6). 

The following cases are possible: 

1. (g, a) = 1 and ((7,6) 7^ 1. Then we have (ga,b) = (ga,a) = 1, whence g = 
(go) ■ a" 1 G £ • (a, 6). 

2. ((7, a) 7^ 1 and ((7,6) = 1. Then we have (gb,a) = (gb,b) = 1, whence g = 
(gfy-b- 1 e£ - (a,b). 

3. ((7, a) 7^ 1 and ((7,6) 7^ 1. Then we have (gab.b) = (gab, a) = 1, whence g = 
(gab)- (ab)' 1 g£- (a, 6). 

Since each of these cases leads to a contradiction, we have G = <£ Y (a, 6). 

Let <i G €\H. Since cx(ad) = a<i we get ad = a(ad) = cx(a)d, whence cr(a) = a, a 
contradiction. Since G = €■ (a, 6), it follows that G = H = (W). If d e ((G) n 
then a (ad) = ad, and (ad, b) = (a, 6) 7^ 1; using Lemma 2 for (ad, 6), we obtain 

-l = f(ad) = f(a)f(d) = f(d). 

Now, we let C(^) ^ W — and put x = ac + 6, where c G £. Then there exists 
d G G such that (c, d) 7^ 1 and Lemma 2 implies that /(a) = 1 for all g G G. 
Thus, x a = (aa(c) + b)(a,b), and by (1) we have (&(c) — c)(l — (a, b)) = 0. It 
follows that either a(c) = c, or char(K) = 2 and a(c) = (a,6)c. Therefore, if £ 
is Abelian, we obtain statement (ii) of the Theorem. 

Finally, assume that char(K) 7^ 2. Suppose that there exist c, d G € such that 
(c, d) 7^ 1. If cr(c) = c, then /(c) = 1 by what has already been proved, but, by 
Lemma 2 in (c, d), we have f(c) = — 1, a contradiction. Therefore, c £ W and 
similarly d G W. We put x = ac + d. Clearly, x a = ac + d(a, b) and (a, 6) = 1 by 
(1), a contradiction. Thus, if <£ is not Abelian, then char(K) = 2, and the proof is 
complete. □ 

Now we are in a position to prove our main theorem. 
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Proof of the "if" part of the Theorem. Set W = {w G G \ a(w) 7^ w} and H = (W). 
If H is Abelian, then, statement (i) of the Theorem is valid for G. 

Suppose that H is non- Abelian and that a, 6 e W satisfy (a, b) 7^ 1. By Lemma 
4, G = (a,b)Y€ = (W), where £ = C G ((a, b)). If £ is Abelian, then statement (ii) 
of our Theorem is valid for G by Lemma 4. 

Let c, d G Cg((o,6)) such that (c, d) 7^ 1 (i.e. £ is non- Abelian) . By Lemma 4, 
we have char(K) =2. If c, d G W, then, by Lemma 4, 

G = C7 G ((a,6)).<a,6) = C G «c,d))-<c,d). 

Obviously, Cc((a,b)) fl (a, 6) C C(G). Therefore, G contains the subgroup H 2 = 
(a, b) Y (c, d), which cannot be a direct product because G' has order 2. 

Since G" C 91(G), we see that G/%K{G) is an elementary Abelian 2-group. Let 
t : G —> G/%K{G) = x i > 1 (a i | a? = 1), such that r _1 (ai) = a and r~ 1 (a 2 ) = b. We 
put Hi = r~ 1 (ai) for all z > 3 and 23 = {a^ | z > 3}. 

Suppose that for some s > 3 we have (a s ,a"j) = 1 for all i > 3. Such an element 
is unique, because if at 7^ a s commutes with all a s , then a(ata s ) = a s at, whence 
a s at = 1, a contradiction. Put 23 = 23 \ a s , bo = a s , b\ = a\ and b 2 = a 2 . Note 
that if such an element a s does not exist, then we put bo = 1. 

Choose a,i G 25. There is aj G 23 such that (a"j,a"j) 7^ 1, and we consider the 
following cases. 

1. ai,cij G W. Put 63 = a^, 04 = aj and 23 = 23 \ {a^, aj}. 

2. a"i G W and aj G" W. Clearly, (a±, a 2 ) Y (a"j, aj) = (aia~i,a 2 ) Y (ai,a 2 aj) 
and aiai,a 2 ,~a~i,a 2 aj G W. Put 61 = r(aia"j), 62 = ^2, 03 = a^, 64 = r(a 2 aj) and 

23 = 23 U{a 1 ,a 2 }\{6 1 , 6 2 ,6 3 , M- 

3. a^,aj G" W. Obviously, we have a^aj G W, so that this case reduces to the 
preceding one. 

Furthermore, if Cg((6i, b 2 ) Y(6 3 , 64)) contains a noncommuting pair of elements, 
then this pair can be chosen in W. By continuing this process we can conclude that 
G contains a subgroup 9Jt = Ai Y A 2 Y • • • that is a central product, where each 
Ai = ( g%, hi ) is a cr-group, and Cg(2H) is Abelian. Applying Lemma 4, we arrive 
at statement (iii) of the Theorem, and the proof is done. 

Proof of the "only if" part of the Theorem, (i) We can write any x G KG as 
x = x\ + x 2 b, where Xi G KH. Clearly, x a = x\ + f(b)a(b)x 2 = x\ — x 2 b and 

XX — X\X^ X^X^b — X^X\ x^x^b — X X 2 

so that KG is a cr-normal ring. 

(ii) Any x G KH can be written as x = x$ + x\g + x 2 h + £3(7/1, where 
Xi G K(g 2 , /i 2 , c) and c = (g, h). Clearly, x a = x$ + (xig + x 2 h + x^gh)c and 
xx a = x a x, so that KH is cr-normal. Suppose that cr(d) = dc, with c = (a, 6). 
Any x G -ftTG can be written as x = (wo+ui) + (w 2 +us)d, where u\ = a\a+a 2 b+ 
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a^ab, us = (3ia + (32b + (3sab, and cti, Pi, wo, u>2 G KfR. Then x a = (wq + uic) — 
(w2 + usc)dc and xx a — x a x = (1*31*1 — 141143) (1 + c)d. Since ab — ba = ba(c — 1) 
and c 2 = 1, it follows that xx a — x a x = 0. Thus, KG is a- normal. In the case 
where a(d) = d the proof is similar. 

(iii) Put G n = A\ Y- • -YA n , where = (<Zj, 6j | c = (<Zj, is a <r-subgroup. We 
use induction on n. Any x G -*YG n can be written as x = xo+xia n +X2b n +xsa n b n , 
where Xi G K (G n -i, c? n , b\ ). Obviously, x a = Xq + [x\a n + x^bn + x^a n b n )c. 
Since KG n -\ is a-normal, we get XiX® = x°Xi and x\[\ + c) = Xi(l + c). The 
formula 

i^i •Ej^ip^i ^j) — i^i (^* "I - ^j) 

shows that 

Proceeding as in the preceding case, we conclude that 
and the proof is complete. □ 
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